Abstract. The notion of asymptotically log Fano varieties was given by Cheltsov and Rubinstein. We show that, if an asymptotically log Fano variety (X, D) satisfies that D is irreducible and −K X − D is big, then X does not admit Kähler-Einstein edge metrics with angle 2πβ along D for any sufficiently small positive rational number β. This gives an affirmative answer to a conjecture of Cheltsov and Rubinstein.
Introduction
The purpose of this article is to give a simple necessary criterion for log K-stability of ((X, D), −K X − (1 − β)D) with cone angle 2πβ in the sense of [OS11] , where X is projective log terminal and D is a reduced Weil divisor with −K X − (1 − β)D ample. The motivation comes from a recent preprint of Cheltsov and Rubinstein [CR15] , who treated the case that the dimension of X is equal to two. In this article, we show the following result. Theorem 1.1 (=Theorem 3.9). Let X be a normal projective variety which is log terminal, D be a nonzero reduced Weil divisor on X which is Q-Cartier, and 0 ≤ β ≤ 1 be a rational number. Assume that the pair (X, (1−β)D) is dlt, −K X −(1−β)D is ample, and ((X, D), −K X − performed. The author is partially supported by a JSPS Fellowship for Young Scientists.
A variety stands for a reduced, irreducible, separated and of finite type scheme over the complex number field C. For the theory of minimal model program, we refer the readers to [KM98] . For any Weil divisor E on a normal variety X, the divisorial sheaf on X is denoted by O X (E). More precisely, the section Γ(U, O X (E)) on any open subscheme U ⊂ X is given by the following:
where C(X) is the function field of X.
For varieties X 1 and X 2 , let p i : X 1 × X 2 → X i (i = 1, 2) be the projection morphisms.
Log K-stability
We recall the definition of log K-stability.
Definition 2.1 (see [OS11] ). Let X be an n-dimensional normal projective variety, L be an ample line bundle on X, and D be a reduced Weil divisor on X.
(1) A coherent ideal sheaf I ⊂ O X×A 1 t is said to be a flag ideal if I is of the form
obtained by I is given from the following data:
• Π : X → X × A 1 is the blowing up along I, D ⊂ X is given by the blowing up of D × A 1 along I| D×A 1 , and E ⊂ X is the Cartier divisor defined by
, such that we require the following:
• I is not of the form (t M ), and
where X 0 ⊂ X and D 0 ⊂ D are the scheme-theoretic fibers at 0 ∈ A 1 , respectively. It is known that, for k ≫ 0, w(k) (resp. w(k)) is a polynomial function of degree at most n + 1 (resp. n). For k ≫ 0, we set
For any β ∈ [0, 1], we set the log Donaldson-Futaki invariant DF β ((X , D), M) with cone angle 2πβ as
is said to be log K-stable (resp. log Ksemistable) with cone angle 2πβ if DF β ((X , D), M) > 0 (resp. ≥ 0) holds for any m ∈ Z >0 , for any flag ideal I, and for any log semi test configuration
is so for some a ∈ Z >0 with aA Cartier (this definition does not depend on the choice of a).
The following theorem is important. 
is log K-semistable with cone angle 2πβ.
Constructing log semi test configurations
In this section, from a pair (X, D), we construct a specific log semi test configuration via D. The construction is essentially in the same way as in [Fuj15, §3] . We fix the following condition:
Assumption 3.1. Let X be an n-dimensional normal projective variety which is log terminal, D is a nonzero reduced Weil divisor on X which is Q-Cartier, and β ∈ [0, 1] ∩ Q. Assume that the pair (X, (1 − β)D) is dlt and −K X − (1 − β)D is ample.
Definition 3.2. Under Assumption 3.1, we set
Remark 3.3. By [BCHM10, Corollary 1.1.9], the C-algebra
is finitely generated, where ⌊k(
is Cartier, and
is generated by
From now on, we fix such r (and L β ). 
• normal projective varieties X 1 , . . . , X m such that X 1 = X, and
such that the following hold:
• for any
Proof. By [BCHM10, Corollary 1.4.3], there exists a projective birational morphism σ :X → X such that σ is an isomorphism in codimension one andX is Q-factorial. LetD be the strict transform of D oñ X. A semiample model (resp. the ample model) of −KX −(1 −β + x)D is a semiample model (resp. the ample model) of
Moreover, the C-algebra
is equal to the C-algebra
Thus we can apply [KKL12, Theorem 4.2].
We construct a log semi test configuration of
where the homomorphism is the evaluation. Note that, for any j
In particular, we have
for simplicity. We remark that, by the choice of r ∈ Z >0 , the homomorphism
is surjective. For any 1 ≤ i ≤ k, the ideal sheaf I j i is nothing but
Thus the assertion follows.
Set the flag ideal I such that
For any k ∈ Z >0 , we have
by the construction of J (k,j) . Let Π : X → X × A 1 be the blowing up along I and let E ⊂ X be the Cartier divisor given by the equation
be the blowing up along I| D×A 1 . We note that
It is enough to check that L β is α-semiample. By Lemma 3.5, the homomorphism
is surjective for any k ∈ Z >0 and j
Definition 3.7. We say the log semi test configuration
Now we calculate the log Donaldson-Futaki invariant of the basic log semi test configuration
By the asymptotic Riemann-Roch theorem, we have
(We follow the notation in Definition 2.1.) By [Odk13, §3],
By the same argument, 
This implies that
Thus we have 
Proof. By [KKL12, Remark 2.4 (i)], we have
From partial integration, we have
We remark that vol
Therefore we have obtained the following. Corollary 3.11. Let X be a normal projective variety which is log terminal, D is a nonzero reduced Weil divisor on X which is Q-Cartier.
is not log K-semistable with cone angle 2πβ.
Proof. We have η β (D) = η + (β) − η − , where
On the other hand, lim β→0 η + (β) is equal to zero. Thus the assertion follows from Theorem 3.9.
Corollary 1.2 is immediately obtained from Theorem 2.2 and Corollary 3.11.
Examples
We see some examples.
Example 4.1. Let X be an n-dimensional Fano manifold, and let D be a smooth divisor on X with −K X ∼ Q lD for some l ∈ [1, n + 1] ∩ Q. Then −K X − (1 − β)D is ample for any β ∈ (0, 1]. In this case, we have
If β < (l − 1)/n, then η β (D) < 0 holds. Example 4.3. Let Y := P P 1 (O P 1 ⊕ O P 1 (1)), C be a section of the P 1 -bundle Y /P 1 with (C ·2 ) = 1, π : X → Y be the blowing up along p ∈ Y with p ∈ C, E be the exceptional divisor of π, and set D := π Thus η β (D) = 2(β 2 − 2/3). For example, if we set β := 1/2, then η 1/2 (D) < 0 holds. In this case (β = 1/2), we can check that r := 2 satisfies the condition in Remark 3.3 and the corresponding flag ideal I is of the form
